In this present paper, we investigate the Cauchy Problem for 3D incompressible Boussinesq equations without viscosity and establish the logarithmically improved regularity criterion of smooth solutions.
Introduction
This paper is devoted to establish BKM's criterion of smooth solutions for the Cauchy problem for 3D Boussinesq equations without viscosity in R 3 :
∇ · u = 0, (3) t = 0 : u = u 0 (x), θ = θ 0 (x), (4) here u is the velocity field, p is the pressure, θ is the small temperature deviations which depends on the density. ν ≥ 0 is called the molecular diffusivity and e 3 = (0, 0, 1) T . The global well-posedness for two-dimensional Boussinesq equations which has recently drawn a lot of attention. More precisely, the global well-posedness and blow-up criterions has been shown in various function spaces, we can refer to [1] , [4] , [5] , [6] , [7] , [9] , [10] , [11] .
Our purpose of this paper is to obtain logarithmically improved regularity criterion of smooth solutions in term of velocity field in BMO space. Now we state our results as follows.
The paper is organized as follows. We shall state some important inequalities in Section 2 and prove Theorem 1.1 in Sections 3.
Preliminaries
Throughout this paper we use the following notations. L p (R 3 ) denotes the generic Lebegue space, H m (R 3 ) denotes the standard Sobolev space. BMO is the bounded mean oscillations space.Ḃ 0 m,n (R 3 ) is the homogeneous Besov space, where 0 ≤ m, n ≤ +∞. Next, we shall recall the Littlewood-Paley decomposition and define some functional spaces which can be found in [2] . 
Definition 2.2 BMO denotes the homogeneous bounded mean oscillation space which equipped with the norm
f BMO = sup x∈R n ,r>0 1 |B r (x)| Br(x) f (y) − 1 B r (y) Br(y) f (z)dz dy.(9≥ 0 and function u ∈ L α (R n ), b ≥ a ≥ 1, we have sup |α|=k ∂ α u L α (R n ) ≤ C k+1 λ k+n( 1 a − 1 b ) u L α (R n ) , suppû ⊂ λB,(10)C −(k+1) λ k u L α (R n ) ≤ sup |α|=k ∂ α u L α (R n ) ≤ C k+1 λ k u L α (R n ) , suppû ⊂ λC.(11)
Lemma 2.4 The Gagliardo-Nirenberg Inequality
∇ i f L 2m/i ≤ C f 1−i/m L ∞ ∇ m f i/m L 2 , i ∈ [0, m] (12) holds for all u ∈ L ∞ (R n ) ∩ H m (R n ).
Lemma 2.5 (The Interpolation Inequalities) The following inequalities hold in the three dimensional Lebesgue space
Lemma 2. 6 The following inequality holds:
Lemma 2.7 There exists a uniform positive constant C such that
holds for all u ∈ H 3 (R 3 ) with ∇ · u = 0.
Proof of Main Theorem
Multiplying (2), (1) by θ and u respectively, using (3) and integrating by parts in R 3 , we derive
Combining (19) and (20), integrating with respect to t, we conclude that
Applying ∇ to the both sides of (1), taking a L 2 inner product of the resulting equation with ∇u, integrating by parts, we derive
Similarly steps to (2), we obtain
From (23), (24) and ∇ · u = 0, it follows that
By Lemma 2.5 and 2.6, using the incompressible condition ∇ · u = 0, we give the estimate of I i (i = 1, 2, 3).
It follows from (25)-(28) that
By Gronwall inequality, we arrive
From (5), there exist an arbitrary small constant ε > 0 and T * < T such that
Hence, combining (30) and (21)- (22), we conclude
where
Applying ∇ m to (1) and (2), then taking L 2 inner product of the resulting equation with ∇ m u and ∇ m θ respectively, integrating by parts, we get
It follows from (33), (34) and ∇ · u = 0 that
Since the proof for the cases m > 3 are similar to m = 3, here we only need to prove the case m = 3. Using the Hölder inequality, the Cauchy inequality and Lemma 2.6, we get
Using Lemma 2.4 and
Noting that θ L ∞ ≤ θ 0 L ∞ and using the Cauchy inequality, we deduce
By directly computation, we have
Combining (21), (22) and (40)- (41), we conclude
Thus, it follows from (35)-(42) that
holds for all T * ≤ t < T . Integrating (43) over [T * , s] with respect to t, using Lemma 2.5, we arrive For all T * ≤ t < T , then using the Gronwall inequality and (45), we deduce that e + A(t) is bounded, i.e.,
where C is dependent on
Thus, the proof of Theorem 1.1 is finished.
